Abstract. As a first step towards a general counterpart of the remarkable Bernstein-Walsh-Siciak Theorem on the rapidity of polynomial approximation of a holomorphic function on polynomially compact sets in C n , for analytic sets, we prove a version of this theorem for analytic hypersurfaces.
Preliminaries
Let us recall first the notion of Kuratowski convergence. Let Ω ⊂ C m be a locally closed, nonempty set. We denote by F Ω the family of all its closed subsets. This space is endowed in a natural metrizable convergence, called Kuratowski convergence, which turns it into a compact metric space (see e.g. [TW2] ). Namely, if F ν , F ∈ F Ω , then we will write F ν → F if and only if
(1) Any point x ∈ F is the limit of some sequence of points x ν ∈ F ν ; (2) For all compact K ⊂ Ω \ F there is K ∩ F ν = ∅ from some index ν 0 onwards.
If Ω is compact, then this convergence is given by the Hausdorff metric defined by
To fix the attention we may assume that all the distances are computed in the maximum norm. It is easy to see that if E and F are both nonempty, then
where P m (r) is the closure of the polydisc centred at 0 ∈ C m and with radius r.
For simplicity we introduce the following notations. Let m, k, d, s ∈ Z + , m, d, s > 0, k < m. For any nonempty set E ⊂ C m we put
V is algebraic of pure dimension k and degree ≤ d} ∪ {∅}.
where π :
We introduce also the notation L r := P k (r) × C m−k , with r > 0, and
For more informations see [TW1] , [TW3], [ L] .
Before we prove this proposition let us note that we cannot replace in the assumptions the set K r either by
. To see this consider the sequence of graphs {(x, ν(x 2 − 1/2)) | |x| ≤ 1} in P 1 (1) × C -it converges to {1/2}×C∪{−1/2}×C -and the sequence of the graphs {(x, (1 − 1/ν)x) | |x| ≤ 1} in P 1 (1) × P 1 (1) -its limit meets P 1 (1) × ∂P 1 (1). Obeserve also that even though V ∩ K r has proper projection onto P k (r ′ ), V itself may not be properly projected onto C k (consider e.g. the graph of f (x) = 1/(x − 1)).
Proof of Proposition 1.1. We need only to check that
We may assume that W = ∅. By the indentity principle for analytic sets, for any ν we may choose the smallest (in the sense of inclusion) set
Extracting a subsequence of necessary we may assume that V ν converges to some set
there cannot be any points coming from sequences taken from outside the set K r ).
Notice that for each x ∈ P k (r ′ ), #π −1 (x)∩W ν ≤ s and the points of these fibres (when x is fixed) yield at most s converging subsequences whose limits belong to W . In particular, in view of the fact that V ∩K r = W this implies that π| W is an s-sheeted branched covering. This ends the proof. Corollary 1.2. For any r and any F ∈ F Kr there is
Finally, recall the Hölder continuity property of roots in the version of [St] . Proposition 1.3. For any a = (a 1 , . . . , a s ) ∈ C d let P a (t) = t s + a 1 t s−1 + . . . + a s have ζ a 1 , . . . , ζ a s as all roots (counted with multiplicities). Let | · | be the maximum norm in C s and suppose that C > 1 is such that |a| ≤ C. Then for any b ∈ C s with |b| ≤ C one can renumber the roots of P b in such a way that ∀j ∈ {1, . . . , s}, |ζ
The case of hypersurfaces
In this section we will first prove a theorem of Bernstein-Walsh-Siciak type and its converse for analytic multifunctions as N.V. Shcherbina [Sh] calls them. Namely, we will consider algebraic approximation of sets defined by Weierstrass pseudopolynomials with continuous coefficients over a compact polydisc. Let
where a j : P k (r) → C are continuous. Further, we will assume that A is properly projected onto P k (r) which means that we may as well take a 0 ≡ 1. Let us fix some notations: we denote by P d (C k ) the space of polynomials in k variables, of degrees ≤ d. For any compact nonempty set K ⊂ C k and a continuous function f :
where ||f || K := sup x∈K |f (x)|.
Theorem 2.1. Let A ⊂ L r be as above. If there exists an analytic subset
Proof. We need only to show that there exists θ ∈ (0, 1) and a constant M > 0 such that
We can find a radius r ′ > r such that π is proper on X ∩ (P k (r ′ ) × C) and so a j ∈ O(P k (r ′ )) (note that X is necessarily pure k-dimensional in a small neighbourhood of L r ). For each j = 1, . . . , s, we define a
j || K , where K := P k (r). Then we put
is an algebraic set with proper projection onto C k of multiplicity ≤ s. Moreover, since dega
By the classical Bernstein-Walsh-Siciak Theorem [S] , for each j we have a constant M j > 0 and θ j ∈ (0, 1) such that
Put M := max j M j , θ := max j θ j ∈ (0, 1). Then in view of the fact that ||a (d) j || K ≤ ||a j || K + 1 for d big enough and j = 1, . . . , s, we obtain from proposition 1.3, for any x ∈ K, ι (x) are the roots over x ∈ K (counted with multiplicities) of P (x, t) = x s + a 1 (x)t s−1 + . . . + a s (x) and P d (x, t) = x s + a 
